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Let a,b,c be positive real numbers with a + b + ¢ = 3. Prove that

ab bc ca <3
2a+b+c * 2b+c+a +V20+a+b -2

Solution by Arkady Alt, San Jose, California, USA.

1 1
Since triples <JE Jea, J_> (J2a+b+c 2b+c+a J2c+a+b )agreed

in order (because (ﬂ—ﬁ)(ﬁ —— - ,/2b+1 = )20)thenby
a C ct+da

Rearrangement Inequality m =22+ b +c

By replacing (x,y,z) ininequality x +y +z < /3(x? + y* +z?) with

( bc , ca , ab ) we obtain
J2a+b+c J2b+c+a J2c+a+b

Z\/2a+b+c \/ 22a+b+c'

Thus, Z‘/ T b e \/ > —2 T b e and remains to prove inequality

\/ 25 bie 2a+b+c = % = Z—za +bg+c < % or, in homogeneous form,

bc a+b+c
ORIy T

Using in (1) normalization a+ b+ c = 1 we obtain inequality

bc _bc 1
g — < 4 =Y b < L e aYbeb e+ D) <@+ 1),
We will prove that 4Zbc(b +1)(c+1) <J](a+1) holds for any a,b,c > 0.

Let p := ab + bc + ca,q := abc.Then 4> be(b+ 1)(c+ 1) =

43 (b*c* +be(b +c) + be) = 4((Cbe)’ - 2abe Y a+ X a+ Y be - 3abc + Y bc) =
4(p>-5q+2p),[[(a+1)=2+p+qgand [J(a+1)—4D be(b+1)(c+1) =
2+p+q—4(p?-5q+2p) =2—4p*-Tp+2lgq.

Since 3p = 3(ab+bc+ca) < (a+b+c)*> =1)and 9g > 4p — 1

(Schure’s Inequality D_a(a — b)(a —c¢) > 0 in p,q notation and normalized by

a+b+c=1) thenp < 1/3andq2max{4p9_l,0}.

Ifp e [1/4,1/3]then2—4p2—7p+2lq22—(7p+4p2—21 JAp -1 ) =

9
TEp - 1(1-3p) 2 0;
If p e (0,1/4]then2 —4p> —Tp+21g >2—-Tp—4p* = (p+2)(1 —4p) > 0.



